Constructive Galois
Connections

With applications to Abstracting Gradual Typing
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Specification

succ : N - N

“succ(n) flips the parity of n”
P : Set

parity : N - P

flip : P - P

Vin : N),
parity(succ(n)) = flip(parity(n))
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Verification

P=E | O

parity(0) = E
parity(succ(n)) = flip(parity(n))

flip(E) = 0 ; flip(0) = E

V(in : N),
parity(succ(n)) = flip(parity(n))

Proof is trivial by definition. B
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ADbstract Interpretation

Y(E) = {n | n 1s even}
Y(0) = {n | n 1s odd}

V(T) = {n | n € N}

y(L) = {}

a(N) = u,n € N, parity+*(n)
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Al Setup

gc-sound : V(N : ©(N)), N <€ y(a(N))
) C

gc-tight : V(p : P*), a(y(p)
y(a({1,2})) = y(T) = {n | n € N} 2 {1,2}
a(y(E)) = a({n | n 1s even}) = EC E

alternatively: a(N) € p iff N & y(p)
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Al Specification (sound)

tsucc : p(N) - ©(N)
tsucc(N) = {succ(n) | n € N}

o o tsucc o y E flip (ay)
tsSucc o y €y o flip (YY)
o o tsucc E flip o « (aa)
tSucc €y o flip o « (yoa)

All statements are equivalent.
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Al Verification (sound)

(ay): V(p : P+), a(rsucc(y(p))) £ flip(p)

Proof by case analysis on p:
Case E:
a(TSUCC(v(E)))
= o(rsucc({n | n 1s even}))
a({succ(n) | n is even})
LI, N n 1s even,parity(succ(n))

LI, N n 1s even,flip(parity(n))
LI, N n 1s even,flip(E)

LI, N n 1s even,0

0

flip(E)
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Al Verification (sound)

(aa) : V(N : o(N)), a(rsucc(N)) E flip(a(N))

Proof by case analysis:
Case d n € N st n 1s even
AN—-d n €Nstnis odd:
a(rsucc(N))

flip(u,n | n € N,parity(n))
flip(a(N))

= o({succ(n) | n € N})

= ,Nn n € N,parity(succ(n))
= ,Nn n € N,flip(parity(n))
= U,.N n € N,0

=0

= flip(E)



Al Specification (complete)



Al Specification (complete)
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All statements are equivalent.



Al Specification (complete)

o o tsucc o y = flip (ay)
tsSucc o y =y o flip (YY)
o o tsucc = flip o « (aa)
tsucc =y o flip o « (yo)

All statements are not equivalent.



Al Specification (complete)

a o tsucc o y = flip (ay) v
tsucc o y =y o flip (VYY) v
o o tsucc = flip o « (aa) v
tsucc =y o flip o « (ya) X

All statements are not equivalent.
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Unwanted Complexity

o o tsucc E flip o «
VS
n o succ £ flip o n (wheren = parity*)

Are these equivalent? Yes.
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Vlechanization Problems

Q o tsucc o y E flip (ay)
a o tsucc E flip o « (aa)
tsucc €y o flip o « (ya)

a : e(N) » P
a(N) = u,n € N, parity*(n)

o Is nonconstructive and poses problems in mechanization
(particularly extraction)

State of the art approaches to mechanizing abstract

interpreters use yy exclusively and do not formalize Galois
connections in their full generality
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CGCs Religion

@w(A) = A - prop
constructive encoding for powersets (Cog/Agda)

¢ 1S a monad, and forms a Kleisli category

A-B vs A - o(B)
‘returns a value” vs ‘returns a specification”

¢ 1S a "specification effect” or "nonconstructive effect

Monadic functionsin A - o (B) which “have no effect” can
be extracted and executed

Rediscover Galois connections in this new category
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Powerset Moael

@(A) = A v prop
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Powerset Moael
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return : A
(

» p(A)
return(x) (y) =y

C X

return(x) = {y | y E x} = {x}



Powerset Moael

@(A) = A v prop

X € ¢ = @(x) [fore : @(A) andx : A]

return : A -
return(x) (y) :

return(x) = {y | y E x} = {x}

Kt (A 2 p(B)) » (p(A) » p(B))
(X)) (y) :



Powerset Moael

@(A) = A v prop

X € ¢ = @(x) [fore : @(A) andx : A]

return : A -
return(x) (y) :

return(x) = {y | y E x} = {x}

¥t (A2 p(B)) » (p(A) » p(B))
T*(X)(y) =3 x € X sty € f(x)
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Powerset Moael

@(A) = A v prop

X € ¢ = @(x) [fore : @(A) andx : A]

return : A -
return(x) (y) :

return(x) = {y | y E x} = {x}

¥t (A2 p(B)) » (p(A) » p(B))
T*(X)(y) =3 x € X sty € f(x)

{y | vy € f(x1) v..vyE€f(xn)}
ULiJ f(Xi)

f*({X1.Xn}) =
f*({X1.Xn}) =
&+ (B2 p(C)) »~ (A » p(B)) » (A~ p(C))
g

(gof)(x) = g*(f(x))
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Classical Kleisli
«: A B «: A~ p(B)
Y : B~ A Y : B~ p(A)
sound: idA C y o « sound: return® £y ¢ «
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sound:
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Classical Kleisli
B a : A - g{)(B)
A Y : B~ p(A)
idA £y o « sound: return® £y ¢ «
o« oy E id® tight: a ¢ y E return®
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For Classical, A is typically instantiated to g (A)



Classical Kleisli
a : o(A) ~ B a : A » p(B)
Y : B » p(A) Y : B » p(A)
sound: 1d”* € y o « sound: return® £y ¢ «
tight: a o y £ 1id® tight: a ¢ y E return®
sound: V(X : o(A)), X ¢ y(a(X)) sound: V(x : A), {x} ¢ y*
tight: V(z : B), a(y(z)) E z tight: V(z : B), a*(y(z))

For Classical, A is typically instantiated to g (A)
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Relationsnips

Classical Kleisli

1ISO

Computational




N
U0

a : A » p(B)
Y : B » p(A)

sound:
tight:

sound:
tight:

Kleisli

return® £ y & «
a © Yy E return®
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"o has no monadic effect”
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a : A » p(B)
Y : B » p(A)

sound:
tight:

sound:
tight:

Kleisli

return® £ y & «
a © Yy E return®




Az B

Kleisli
“a has no monadic effect”
a : A » p(B)
Y : B » p(A)
sound: return® Cy ¢ «
dn: A~ B st tight: @ ¢ y C returns®
a = AX. {n(x)}

sound: V(x : A), {x} ¢
tight: V(z : B), a*(y(z




"o has no monadic effect”

sound: V(X

: A),

A

1 (z

2 B
Kleisli
a : A » p(B)
Y : B » p(A)

sound: return® Cy ¢ «
tight: a ¢ y E return®

sound: V(x : A), {x} ¢ y*(a(x))
))

tight: V(z : B), a*(y(z

: B) st z € a(x) AN X € y(2z)



Kleisli
a : A » p(B) n : A~»B
Y : B » p(A) Y : B » p(A)
sound: return®* £y ¢ « sound:
tight: a ¢ y E return® tight:
sound: V(x : A), {x} ¢ y*(a(x)) sound: V(X
tight: V(z : B), a*(y(z)) <€ {z} tight: V(z
For Constructive GC, a = AX.

Az B

Constructive

return® £ y & «
a © Yy E return®




Az B

Constructive

n : A»B

Y : B~ p(A)

sound:
tight:

sound:
tight:

For Constructive GC, a =

return® Ey ¢ o
a ¢ Yy C return®

AX.




Az B

sound:
X € y(n(x)) N

sound:
tight:

sound:
tight:

For Constructive GC, a =

Constructive

A ~ B
Y : B » p(A)

return® Ey ¢ o
a ¢ Yy C return®

AX.




Az B

Constructive
sound: .
X € y(n(x)) 32222(A)

sound: return® Cy ¢ «
'tj_ght; tight: o« © y E return®

X € Z X) E Z
y(z) = n(x) sound: V(x : A), {x} < y*(a(x))
))

tight: V(z : B), a*(y(z

For Constructive GC, a = AX. {n(x)}
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S
e
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Definey : B » o(A) just as before
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Lift proofs of soundness for free (through isomorphisms)
Interact with classical GCs (through isomorphisms)

You can calculate with this approach towards interpreters
which are both sound and computable by construction.



summary

Definey : B » o(A) just as before

Definen : A » Binsteadofa : @(A) » B
Lift proofs of soundness for free (through isomorphisms)
Interact with classical GCs (through isomorphisms)

You can calculate with this approach towards interpreters
which are both sound and computable by construction.

N and y are constructive, so mechanizing general
framework and extraction is no problem.
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AGT In A Nutshell

T € type’ =
e € exp

| -t | 7
if(e){e}{e}
A(Xx

B
b |
X | ).e | e(e)

e1: B
e2:T
e3.:.T

[B-E]
if(er){ez2}{es3}:T

€1:T1-T2
e2:Tz1

[--E]
61(62):T2



AGT In A Nutshell

T € type” = B | =T | 7
e € exp’ = Db | if(e){e}{e}
| X | A(x).e | e(e) | e:stT
4
e1:
e2:T
e3: T
[B-E]
lf(61){62}{63}:T
€1:T1-T2
e2:Tx1
[--E]

61(62):T2



AGT In A Nutshell

T € type” = B | =T | 7
e € exp’ =b | 1f(e){e}{e}
| X | A(x).e | e(e) | e:t

e1:T1 Ti1~B

e2.7T2
es3:Ts
[B-E] 4
1if(e1){ez2}{es3}:T2VTs
€1:T1-T2
ez2:.Tza
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61(62):T2



AGT In A Nutshell

T € type” = B | =T | 7
e € exp’ =b | 1f(e){e}{e}
| X | A(x).e | e(e) | e:t

e1:T1 T1~B

e2.7T2

es3:Ts

[B-E]
lf(el){ez}{63}:T2VT3

e1:T1 T1~T11-T21
e2:T2 T2~T11

[--E]

e1(ez):T21



Plausibility

e1:Tza T1~T11-T21

e2:.T2 T2~T11
[--E]

61(62):T21
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e1:Tz1 T1~T11-T21

€2:T2  T2~T11 o E] “It's plausible that e1 has
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Plausibility

e1:Tz1 T1~T11-T21

€2:T2  T2~T11 o E] “It's plausible that e1 has
some arrow type Ti11-T21"

61(62):T21

€:T1 Ti1~T2 ‘| claim e might
° have type 12"

(est2) : 12

— — <Gradual Rob> &
| ‘It you say so..."
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Consistent Equality
gT~QgT

( . ) I ]] P T P (t )
meaning” ofa (@] = &y 0

radual type [9T1-0T2] = {T1-T2 | T:1€[gT1] A T2€[gT2]}
J yP [7] = {t | t€Etype}




Consistent Equality
gT~QgT

( . ) I ]] P T P (t )
meaning” of a [B] = {ﬁp}e wEHPE

radual type [9T1-0T2] = {T1-T2 | T:1€[gT1] A T2€[gT2]}
J yP [7] = {t | t€Etype}

consistent equalities T2
are “plausibilities”™  ======s=s==s=s==ss=====S




The Whole AGT Story

The “meaning” function [ ]| forms a Galois
connection between precise and gradual types.

Guided by the Galois connection, define consistent
equality and derive dynamic and static semantics.

‘Semantics design by abstract interpretation”



Galois Connections

[_ ] : type’ - p(type)

[B] = {B}

[gT1-0T2] = {T1-T2 | T1€[gT2] A T2€[gT2]}
[?] = {t | T€type}
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y(B) = {B}
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y(B) = {B}

Y(gT1-0gT2) = {T1-T2 | T1€y(QgT1) A T2€6Y(QgT2)}
vy(?) = {t | t€type}
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Galois Connections

Y : type’ - p(type)
Y(B) = {B}

Y(gT1-0gT2) = {T1-T2 | T1€y(QgT1) A T2€6Y(QgT2)}

y(?7) = {t | T€type}

Non-constructive

Constructive

type?
U n(ti)

a : p(type)
a({Tl. .Tn}) :

T

n : type - type?
r](lB) = [EB
N(ti-T2) = n(t1)-n(T2)

T1UT2 = 7 when Ti1#T2
T1 when Ti1=T2



Galois Connections

“specification effect”

e ol

1B}

y(gtlagrz) = {T1-T2 | Ti1€y(gT1) A T2€Y(QgT2)}

Y(?7) = {t | TEtype}

Non-constructive Constructive

. N #
a : p(type) - ypeﬁ 2(@)2‘0% type
0(({11 .Tn}) = nN(ti)

N(ti-T2) = n(t1)-n(T2)

T1UT2 = 7 when Ti1#T2
T1 when Ti1=T2



Demo



