
Constructive Galois 
Connections

With applications to Abstracting Gradual Typing
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Specification
 succ : ℕ → ℕ

 “succ(n) flips the parity of n”

 ℙ : Set 
parity : ℕ → ℙ 
flip   : ℙ → ℙ

 ∀(n : ℕ), 
parity(succ(n)) = flip(parity(n))
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Verification
 ℙ ≔ E | O 
 
parity(0) ≔ E 
parity(succ(n)) ≔ flip(parity(n)) 
 
flip(E) ≔ O ; flip(O) ≔ E

 ∀(n : ℕ),  
parity(succ(n)) = flip(parity(n))

 Proof is trivial by definition. ∎
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Abstract Interpretation
 γ : ℙ⁺ → ℘(ℕ) 
α : ℘(ℕ) → ℙ⁺

 ℙ⁺ ≔ E | O | ⊤ | ⊥

 γ(E) ≔ {n | n is even} 
γ(O) ≔ {n | n is odd} 
γ(⊤) ≔ {n | n ∈ ℕ} 
γ(⊥) ≔ {} 
 
α(N) ≔ ⨆⸤n ∈ N⸥ parity⁺(n)
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AI Setup

 gc-sound : ∀(N : ℘(ℕ)), N ⊆ γ(α(N)) 
gc-tight : ∀(p : ℙ⁺), α(γ(p)) ⊑ p

 γ(α({1,2})) = γ(⊤) = {n | n ∈ ℕ} ⊇ {1,2}

 α(γ(E)) = α({n | n is even}) = E ⊑ E

 alternatively: α(N) ⊑ p 𝑖𝑓𝑓 N ⊑ γ(p)
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AI Specification (sound)

 ↑succ : ℘(ℕ) → ℘(ℕ) 
↑succ(N) ≔ {succ(n) | n ∈ N}

 α ∘ ↑succ ∘ γ ⊑ flip    (αγ) 
↑succ ∘ γ ⊆ γ ∘ flip    (γγ) 
α ∘ ↑succ ⊑ flip ∘ α    (αα) 
↑succ ⊆ γ ∘ flip ∘ α    (γα)

 All statements are equivalent.
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AI Verification (sound)
 (αγ): ∀(p : ℙ⁺), α(↑succ(γ(p))) ⊑ flip(p)

 Proof by case analysis on p: 
  Case E: 
    α(↑succ(γ(E)))  
    = α(↑succ({n | n is even})) 
    = α({succ(n) | n is even}) 
    = ⨆⸤n | n is even⸥parity(succ(n)) 
    = ⨆⸤n | n is even⸥flip(parity(n)) 
    = ⨆⸤n | n is even⸥flip(E) 
    = ⨆⸤n | n is even⸥O 
    = O 
    = flip(E) 
  ...
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AI Verification (sound)
 (αα) : ∀(N : ℘(ℕ)), α(↑succ(N)) ⊑ flip(α(N))

 Proof by case analysis: 
  Case ∃ n ∈ N 𝑠𝑡 n is even 
    ∧ ¬∃ n ∈ N 𝑠𝑡 n is odd: 
      α(↑succ(N)) 
      = α({succ(n) | n ∈ N}) 
      = ⨆⸤n | n ∈ N⸥parity(succ(n)) 
      = ⨆⸤n | n ∈ N⸥flip(parity(n)) 
      = ⨆⸤n | n ∈ N⸥O 
      = O 
      = flip(E) 
      = flip(⨆⸤n | n ∈ N⸥parity(n)) 
      = flip(α(N)) 
  ...
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AI Specification (complete)

 ↑succ : ℘(ℕ) → ℘(ℕ) 
↑succ(N) ≔ {succ(n) | n ∈ N} 

 α ∘ ↑succ ∘ γ = flip    (αγ) 
↑succ ∘ γ = γ ∘ flip    (γγ) 
α ∘ ↑succ = flip ∘ α    (αα) 
↑succ = γ ∘ flip ∘ α    (γα) 

 All statements are 𝑛𝑜𝑡 equivalent.



AI Specification (complete)

 ↑succ : ℘(ℕ) → ℘(ℕ) 
↑succ(N) ≔ {succ(n) | n ∈ N} 

 α ∘ ↑succ ∘ γ = flip    (αγ) 
↑succ ∘ γ = γ ∘ flip    (γγ) 
α ∘ ↑succ = flip ∘ α    (αα) 
↑succ = γ ∘ flip ∘ α    (γα) 

 All statements are 𝑛𝑜𝑡 equivalent.

✓
✓
✓
✗
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Unwanted Complexity

 α ∘ ↑succ ⊑ flip ∘ α  
vs 
η ∘ succ ⊑ flip ∘ η    (where η = parity⁺)

 Are these equivalent? Yes.
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Mechanization Problems
 α ∘ ↑succ ∘ γ ⊑ flip    (αγ) 
↑succ ∘ γ ⊆ γ ∘ flip    (γγ) 
α ∘ ↑succ ⊑ flip ∘ α    (αα) 
↑succ ⊆ γ ∘ flip ∘ α    (γα)

 α : ℘(ℕ) → ℙ⁺ 
α(N) ≔ ⨆⸤n ∈ N⸥ parity⁺(n)

 α  is nonconstructive and poses problems in mechanization 
(particularly extraction)

 State of the art approaches to mechanizing abstract 
interpreters use γγ exclusively and do not formalize Galois 
connections in their full generality
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CGCs Religion
 ℘(A) ≔ A → prop  

constructive encoding for powersets (Coq/Agda)

 ℘ is a monad, and forms a Kleisli category 
A → B    vs    A → ℘(B) 
“returns a value”    vs    "returns a specification”

 ℘ is a "specification effect" or "nonconstructive effect"

 Monadic functions in A → ℘(B) which “have no effect” can 
be extracted and executed

 Rediscover Galois connections in this new category
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Powerset Model
 ℘(A) ≔ A ↘ prop

 x ∈ φ ≔ φ(x)    [for φ : ℘(A) and x : A]

 φ₁ ⊆ φ₂ ≔ (∀(x : A), φ₁(x) → φ₂(x))    [for φ₁ φ₂ : ℘(A)]

 return : A ↗ ℘(A) 
return(x)(y) ≔ y ⊑ x

 return(x) ≈ {y | y ⊑ x} ≈ {x}

 _* : (A ↗ ℘(B)) ↗ (℘(A) ↗ ℘(B)) 
f*(X)(y) ≔ ∃ x ∈ X 𝑠𝑡 y ∈ f(x)

 f*({x₁…xₙ}) ≈ {y | y ∈ f(x₁) ∨ … ∨ y ∈ f(xₙ)} 
f*({x₁…xₙ}) ≈ ⋃⸤i⸥ f(xᵢ)

 _⟐_ : (B ↗ ℘(C)) ↗ (A ↗ ℘(B)) ↗ (A ↗ ℘(C)) 
(g⟐f)(x) ≔ g*(f(x))



A ⇄ B



α : A ↗ B 
γ : B ↗ A 

sound: idᴬ ⊑ γ ∘ α 
tight: α ∘ γ ⊑ idᴮ 

sound: ∀(x : A), x ⊑ γ(α(x)) 
tight: ∀(z : B), α(γ(z)) ⊑ z

Classical

A ⇄ B



α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

α : A ↗ B 
γ : B ↗ A 

sound: idᴬ ⊑ γ ∘ α 
tight: α ∘ γ ⊑ idᴮ 

sound: ∀(x : A), x ⊑ γ(α(x)) 
tight: ∀(z : B), α(γ(z)) ⊑ z
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α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 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sound: idᴬ ⊑ γ ∘ α 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A ⇄ B

For Classical, A is typically instantiated to ℘(A) 



α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli
α : ℘(A) ↗ B 
γ : B ↗ ℘(A) 

sound: idᴬ ⊆ γ ∘ α 
tight: α ∘ γ ⊑ idᴮ 

sound: ∀(X : ℘(A)), X ⊆ γ(α(X)) 
tight: ∀(z : B), α(γ(z)) ⊑ z

Classical

A ⇄ B

For Classical, A is typically instantiated to ℘(A) 
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iso



α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

A ⇄ B



“α has no monadic effect”
α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

A ⇄ B



∃ η : A ↗ B 𝑠𝑡  
α = λx. {η(x)}

“α has no monadic effect”
α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

A ⇄ B



sound: ∀(x : A), ∃ (z : B) 𝑠𝑡 z ∈ α(x) ∧ x ∈ γ(z)

∃ η : A ↗ B 𝑠𝑡  
α = λx. {η(x)}

“α has no monadic effect”
α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

A ⇄ B



α : A ↗ ℘(B) 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α  
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

η : A ↗ B 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

Kleisli

A ⇄ B

For Constructive GC, α ≔ λx. {η(x)} 

Constructive



η : A ↗ B 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

A ⇄ B
Constructive

For Constructive GC, α ≔ λx. {η(x)} 



η : A ↗ B 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

A ⇄ B
Constructive

sound: 
x ∈ γ(η(x))

For Constructive GC, α ≔ λx. {η(x)} 



η : A ↗ B 
γ : B ↗ ℘(A) 

sound: returnᴬ ⊑ γ ⟐ α 
tight: α ⟐ γ ⊑ returnᴮ 

sound: ∀(x : A), {x} ⊆ γ*(α(x)) 
tight: ∀(z : B), α*(γ(z)) ⊆ {z}

A ⇄ B
Constructive

sound: 
x ∈ γ(η(x))

tight: 
x ∈ γ(z) ⇒ η(x) ⊑ z

For Constructive GC, α ≔ λx. {η(x)} 



Relationships

Kleisli

Classical

Computational

iso

Constructive

iso
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Summary
 Define γ : B ↗ ℘(A) just as before

 Define η : A ↗ B instead of α : ℘(A) ↗ B

 Lift proofs of soundness for free (through isomorphisms)

 Interact with classical GCs (through isomorphisms)

 You can calculate with this approach towards interpreters 
which are both sound and computable by construction.

 η and γ are constructive, so mechanizing general 
framework and extraction is no problem.
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<Gradual Rob> 🤖

💩

“If you say so…”
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Consistent Equality
gτ~gτ

⟦_⟧ : type♯ → ℘(type) 
⟦𝔹⟧ ≔ {𝔹} 
⟦gτ₁→gτ₂⟧ ≔ {τ₁→τ₂ | τ₁∈⟦gτ₁⟧ ∧ τ₂∈⟦gτ₂⟧} 
⟦?⟧ ≔ {τ | τ∈type}

“meaning” of a 
gradual type

τ₁ ∈ ⟦gτ₁⟧ 
τ₂ ∈ ⟦gτ₂⟧  τ₁ = τ₂ 
=================== 
       gτ₁~gτ₂

consistent equalities 
are “plausibilities”



The Whole AGT Story

• The “meaning” function ⟦_⟧ forms a Galois 
connection between precise and gradual types. 

• Guided by the Galois connection, define consistent 
equality and derive dynamic and static semantics. 

• “Semantics design by abstract interpretation”
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γ : type♯ → ℘(type) 
γ(𝔹) ≔ {𝔹} 
γ(gτ₁→gτ₂) ≔ {τ₁→τ₂ | τ₁∈γ(gτ₁) ∧ τ₂∈γ(gτ₂)} 
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η(𝔹) ≔ 𝔹 
η(τ₁→τ₂) ≔ η(τ₁)→η(τ₂)

Non-constructive Constructive

α : ℘(type) → type♯ 
α({τ₁..τₙ}) ≔ ⨆ η(τᵢ)

ᵢ

“specification effect”



Demo


