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| et's Design an Analysis



| et's Design an Analysis

(in the paradigm of abstract interpretation)



| et's Design an Analysis

Program

int x y;

vold safe fun(
it (N20) {x :
else {X :
1t (N20) {y :
else {y = 100/x; }}

i n I =




| et's Design an Analysis

Analysis Property

X/0




| et's Design an Analysis

Abstract Values

/ E {'r@r-l-}




| et's Design an Analysis

Implement

analyze : exp - results
analyze(x := &) :=
X L R
analyze(IF(®){e1}{e2}) :=
L . €1 .. €2 ..




| et's Design an Analysis

Get Results
N E {'101+}
x € {0,+}
y E {'r®r+}

UNSAFE: {100/N}
UNSAFE: {100/x}




| et's Design an Analysis

Prove Correct

le]l € [analyze(e)]




T — _—

| et's Design an Analysis

Program Analysis Property Abstract Values
int x vy;
void safe fun(int N) {
if (Nz0) {x := 0;}
else {x := 1;} X/@ Z E {_101+}
if (N20) {y := 100/N;}
else {y := 100/x;}}
Implement Get Results Prove Correct
analyze : exp - results N e {-,0,+}
analyze(x := &) := x € {0,+}
X @ y € {-,0,+} [e] € [analyze(e)]
analyze(IF(z){ei}{ez2}) :=
. R .. €1 .. ez ., UNSAFE: {100/N}
UNSAFE: {100/x}

|
|
|
|



| et's Design an Analysis

int x vy;

void safe fun(int N) {

if (N20) {x := 0:}

else {x = 1;}

if (Nz0) = 100/N; . L
sy oy Flow-insensitive

results =
vare -,0,+

N E {-.0,+1 o ({ })
x € {0,+}

y E {'101+}

UNSAFE: {100/N}
UNSAFE: 1100/x}




| et's Design an Analysis

int x vy;

void safe fun(int N) {

if (N20) {x := 0:}

else {x :=1;}

if (Nz0) = 100/N; L
e ey, Flow-sensitive

results =
locw (vare p({-,0,+}))




| et's Design an Analysis

int x vy;
void safe fun(int N) {
if (N20) {x := 0:}
else {x = 1;}
if (N=0) = 100/N; L
S ey Flow-sensitive
results =
x € {0,+} 1
! oce (var,m o({-,0,+}))
N E {41 o ({ }
x € {0,+}

N y S {'101+}




| et's Design an Analysis

int x vy;

void safe fun(int N) {

if (N20) {x := 0:}

else {x :=1;}

if (Nz0) = 100/N; L
e O im 1087%.3 Path-sensitive

results =
locw p(vars p({-,0,+}))

LRI



| et's Design an Analysis

int x vy;

void safe fun(int N) {

if (N20) {x := 0:}

else {x :=1;}

if (Nz0) = 100/N; L
e O im 1087%.3 Path-sensitive

results =

NE{';'I'} XE{@} -LOCI—)SO(Var"’@({'rGI-l_}))

NE{0O} xXE{+}

Ne{-,+},yE{-,0,+}
NE{O} ve{0, +}

SAFE




| et's Design an Analysis

Program Analysis Property Abstract Values
int x vy;
void safe fun(int N) {
if (N#0) {x := 0;}
else {x := 1;} X/@ Z - {_101+}
if (N20) {y := 100/N;}
else {y := 100/x;}}
Implement Get Results Prove Correct
NE{-,+} 0}
analyze : exp - results NE{O} -
analyze(x := &) :=
X @ NE{-,+},yE{ M0, +} [e] € [analyze(e)]
analyze(IF(z){ei}{ez2}) := Ne{O}, ye{O,
. R .. €1 .. e2 .. ||

SAFE

T —— . T — . T — T



|_et's Design an Analysis

Program Analysis Property Abstract Values

int x vy;
void safe fun(int N) {

if (N#O) {x := 0;}
else {x = 1;} X/@ Z E ;O;+}
if (N20) {y := 100/N;}
else {y := 100/x;}}
Implement Get Results Prove Correct

NE{-,+} 0}

analyze : esults NE{O} +
analyze(x : =

LoX . NE{-,+},yE{ M0, +} [e] € [ lyze(e)]
analyze(I 11{ez2}) := Ne{O}, ye{O,

. €2 .. .

SAFE

T — . T — T — T



| et's Design an Analysis

Program Analysis Property Abstract Values

X/ 0 Z c {-,0,+}

Implement Get Results Prove Correct
NE{-,+},xE{0}
analyze : exp - results NE{O}, xE{+}
analyze(x := &) :=
X @ NE{-,+}, v€E{-,0,+} [e] € [analyze(e)]
analyze(IF(z){ei}{ez2}) := NE{O}, ye{0,+}
. 2 .. €1 .. €2 ..

SAFE

T —— . T — . T — T



| et's Design an Analysis

Program Analysis Property Abstract Values

safej?m.js X/ 0 Z g {-,0,+}

T — . T — T T

Implement Get Results Prove Correct
NE{-,+},xE{0}
analyze : exp - results NE{O}, xE{+}
analyze(x := &) :=
X @ NE{-,+}, v€E{-,0,+} [e] € [analyze(e)]
analyze(IF(z){ei}{ez2}) := NE{O}, ye{0,+}
. 2 .. €1 .. €2 ..

SAFE

T — T — . T — ————



|_et's Design an Analysis

Program Analysis Property Abstract Values

safe '?Jn js X/ 0

Implement Get Results Prove Correct
NE{-,+},xE{0}
analyze : esults NE{O}, xE{+}

analyze(x :
ce X
analyze(I

£ NE{-,+}, y€{-,0,+} [e] € [
1}{e2}) := Ne{0}, y€e{0,+}

SAFE

Lyze(e)]

T — . T — T —= T



Problems Worth Solving

* How to change path/flow sensitivity without
redesigning from scratch”

* How to reuse machinery between analyzers for
different languages?

* How to translate proofs between different analysis
designs?



Solution

Monad
Transformers

(Galois
Transformers

Galois
4 < Connections

Compositional
abstract
Interpreters

Compositional Compositional
Interpreters abstractions



(Galois Transformers

e \What's a Monad?
e \What are Transformers”?

e \What are Galois Connections?



(Galois Transformers

e What's a Monad?”?



A Monad

A module with:

type M(t)

e atype operator M
0p X « €1 ;, €2 e a semicolon operator
op return(e) (bind)

o effect operations
op get
op put(e) + M(t):
op fail e "A computation that performs
op ... some effects, then returns t"




A Monadic Interpreter

Program

int x vy;
v01d safe fun(int N) {
N=z0) {x := 0;}
{x :=1;}
(N20) {y := 100/N;}
se {y := 100/x;}}

T — T ———

(
1 se

(D

(D‘I—'
—

Implement

analyze : exp - results
analyze(x := &) :=
D G -
analyze(IF(z){ei}{ez2}) :=
. 2 .. €1 .. €2 ..

| — e



A Monadic Interpreter

int x vy;
void safe fun(int N) {
if (N20) {x := 0;}

else {x :=1;}

if (N=20) {y := 100/N;}
else {y := 100/x;}}

T — T



A Monadic Interpreter

int x vy; =
VOld safe_fun(int N) { Va-l-ue . /U B

(N=0) {x := 8:} p €Eenv :=var e value
el se {x = 1;}

(N#0) {y := 100/N;}
else {y := 100/x;}}

R— S



int x
void

it (
else
it (

lse

D -

A Monadic Interpreter

i | value := ZUuDB

safe fun(int N) {

W0 {x i= 03] p€env :=varevalue
X :=1;

N=0) {y := 100/N;}

{y := 100/x;}}

T —

e

type M(t)

0p X « e1 ; ez
op return(e)

op getEnv
op putEnv(e)

op fail




A Monadic Interpreter

int x vy; g
void safe fun(int N) { value : /U

if (N#0) {x := 0;} p €Eenv :=varevalue
else {x :=1;}

if (N20) {y := 100/N;}

else {y := 100/x;}}

T — T —

step : exp -» M(exp)

type M(t)

0p X « e1 ; ez
op return(e)

op getEnv
op putEnv(e)

op fail




A Monadic Interpreter

\i/?)idxsg%e_fun(int N) { Value » = Z U [B
L (Ne0) e 07) pE€env :=varwe~value
if (N20) {y = 100/N;}
o else  fy := 100/%:}H [ T:atom-M(value)
step : exp -» M(exp)
step(x := &) := do
v < [&]
P « getEnv type M(t
putEnv(p[xev]) )
return(SKIP) op X « e1 ; ez

op return(e)

op getEnv
op putEnv(e)

op fail




A Monadic Interpreter

int x y; . value := ZUDB

void safe fun(int N) {

if (N#0) {x := 0;} p €env i=varwevalue
else {x :=1;}

if (N20) {y := 100/N;}

s b WM [ 1:atom-M(value)

step : exp -» M(exp)
step(x := &) := do

v o« [&]

P « getEnv

putEnv(p[x~v]) type MO

return(SKIP) op X « e1 ; e

step(IF(®){e1}{ez}):= do op return(e)

v o« [2]

case v of op getEnv
True -» return(ez1) op putEnv(e)
False -» return(ez) |
L fail op fail




Abstractity

int x y; . value := ZUDB

void safe fun(int N) {

if (N#0) {x := 0;} p €env i=varwevalue
else {x :=1;}

if (N20) {y := 100/N;}

s b WM [ 1:atom-M(value)

step : exp -» M(exp)
step(x := &) := do

v o« [&]

P « getEnv

putEnv(p[x~v]) type MO

return(SKIP) op X « e1 ; e

step(IF(®){e1}{ez}):= do op return(e)

v o« [2]

case v of op getEnv
True -» return(ez1) op putEnv(e)
False -» return(ez) |
L fail op fail




Abstractify

nt x v _
\l/?)idxsgfe_fun(int N) { * Valueﬁ - @({ 0 +}) U SO([B)
if (N#0) {x := 0;} 0 € envﬁ =varwe valueﬁ

else {x := 1;}

if (N20) {y := 100/N;}

— v [ 14 : atom- M?(value?)

step : exp -» M:?(exp)
step(x := &) := do

v o« [&]*

P « getEnv #

putEnv(p[x~v]) type M

return(SKIP) op X « e1 ; e

step(IF(x){e1}{ez2}):= do op return(e)

VvV o« [&]*

case v of op getEnv
True -» return(ez1) op putEnv(e)
False -» return(ez) |
- fail op fail




Abstractify

- ; _
\l/?)idxsgfe_fun(int N) { value? := p({ r +}) U SO([B)
if (N#9) {x := 0;} pE envﬁ =varwe valueﬁ

else {x :=1;}

if (N20) {y := 100/N;}

— v [ 14 : atom- M?(value?)

step : exp -» M:?(exp)
step(x := &) := do

v o« [&]*

P « getEnv #

putEnv(p U [x»Vv]) = type M

return(SKIP) op X « e1 ; e

step(IF(x){e1}{ez2}):= do op return(e)

VvV o« [&]*

case v of op getEnv
True -» return(ez1) op putEnv(e)
False -» return(ez) |
- fail op fail




Abstractify

Int ; # =

\l/?)idxsgfe_fun(int N) { Value @({ @ +}) U SO([B)
if (N#0) {x := 0;} 0 € envﬁ =varme valueﬁ

else {x = 1;}

if (N20) {y := 100/N;}

— v [ 14 : atom- M?(value?)

: ¢ 5 M+
step : exp - M+ (exp) chooseBool : value? - M*(B)

step(x := &) := do

V o« [®]*
P « getEnv .
putEnv(p U [x»Vv]) Ltype Mr(t)
return(SKIP) 0D X « e1 ; e2
step(IF(x){ei1}{ez2}):= do op return(e)
vV o« [&]*
b « chooseBool(v) <= op getEnv
case b of op putEnv(e)
True - return(ez) ,
False - return(ez) op fail




Abstractify

- ; _
\l/?)idxsgfe_fun(int N) { value? := p({ r +}) U SO([B)
if (N#0) {x := 0;} 0 € envﬁ =varme valueﬁ

else {x := 1;}

if (N20) {y := 100/N;}

ese  y := 10071 [ 1#:atom-M?(value?)

step : exp - M (exp) chooseBool : value? - M4 (B)

step(x := &) := do

v o« [&]*
P « getEnv #
putEnv(p U [x»Vv]) type M
return(SKIP) op X « e1 ; e
step(IF(x){e1}{ez2}):= do op return(e)
v o« [&]*
b « chooseBool(v) op getEnv
case b of op putEnv(e)
True -» return(ez) ,
False - return(ez) P | oo fail/eame:




Monadic Abs. Interpreters

Start with a concrete monadic interpreter
Abstract value space (value#,[ [#)
Join results when updating env# (L)

Branch nondeterministically (chooseBool)



Why Monads

A monadic interpreter can be simpler than a
state machine or constraint system

o Two effects, State[s] and Nondet

 Encode arbitrary small-step state machine relations

* Don't commit to a single implementation of M#

* Different choices for M# yield different analyses



(Galois Transformers

e What's a Monad?”?



(Galois Transformers

e What's a Monad?”?

tvpe M(t)

0D X « €1
op return(e)

, €2




(Galois Transformers

e \What are Transformers?

tvpe M(t)

0D X « €1
op return(e)

, €2




Why Monads

o Two effects, State[s] and Nondet



Monad Transformers

State[s] Nondet

get : M(s) fail : V(A),M(A)

put : s - M(1) B V(A),M(A)xM(A) - M(A)



Monad Transformers

StateT|[s] NondetT




Monad Transformers

StateT|[s] NondetT

effects




Monad Transformers

NondetT

StateT[s] StateT[s] (M)
__I_I_ — effects
M
effects state




Monad Transformers

StateT|[s]
NondetT NondetT (M)
—-I_L — effects
M
effects nondet




Monad Transformers

type M(t)

op X « e1 ; ez
op return(e)

op getEnv
op putEnv(e)

op fail/eiHEe:2




Monad Transformers

type M(t)

op X « e1 ; ez
op return(e)

ID




Monad Transformers

type M(t)

op X « e1 ; ez
op return(e)

NondetT

I

ID

op fail/eiHEe:2




Monad Transformers

StateT[env] type M(t)
—

op X « e1 ; ez
op return(e)

NondetT

r——w op getEnv

op putEnv(e)
ID

op fail/eiHEe:2




Monad Transformers

StateTlenv?] | €= » | type M:(t)
—

op X « e1 ; ez
op return(e)

NondetT

r——w op getEnv

op putEnv(e)
ID

op fail/eiHEe:2




Monad Transformers

StateT[env?] type M#(t)
—

op X « e1 ; ez
op return(e)

NondetT

r——w op getEnv

op putEnv(e)
ID

op fail/eiHEe:2

Path-sensitive



Monad Transformers

NondetT type M*(t)

—

op X « e1 ; ez
op return(e)

StateT[env?]

r——w op getEnv

op putEnv(e)
ID

op fail/eiHEe:2

Flow-insensitive



Monad Transformers

NondetT StateT[env?]
StateT[env?] NondetT

Flow-insensitive Path-sensitive



Monad Transformers

NondetT StateT[env#]
L 3| FlwTen | 2 -
StateT[env?] NondetT

Flow-insensitive  Flow-sensitive Path-sensitive



Monad Transformers

NondetT StateT[env#]
L 3| FlwTen | 2 -
StateT[env?] NondetT

Flow-insensitive  Flow-sensitive Path-sensitive

o(exp) x env? exp » env? exp » p(env#)



Monad Transformers

Flow-insensitive  Flow-sensitive Path-sensitive

o(exp) x env? exp » env? exp » p(env#)
x € {0,+} NE{-,+},xE{0}

N€E {-,0,+} N € {-,+} NE{O} xXE{+}

x € {0,+} x € {0,+}

y € {'107+} NE{'1+} yE{_IGI-l_}
N y S {'r®r+} NE{Q} yE{01+}

UNSAFE: {100/N}

UNSAFE: {100/x} UNSAFE: {100/x} SAFE




Building Monads

e Construct a monad using StateT[s], FlowT[4]
and NondetT

* Order matters, yielding different analyses

* Rapidly prototype precision performance tradeofts



Why Transformers

e Semantics independent building blocks for writing
Interpreters—also apply to abstract interpreters!

* Reuse of analysis machinery
e Different abs. interpreters use the same transformers

e Variations in analysis

e Different transformer stacks fit into the same interpreter



(Galois Transformers

e \What are Transformers?

tvpe M(t)

0D X « €1
op return(e)

, €2




(Galois Transformers

tvpe M(t)

op X « e1 ; ez
op return(e)

e \What are Transformers?

FlowT[s]




(Galois Transformers

e \What are Galois Connections?

tvpe M(t)

op X « e1 ; ez
op return(e)

FlowT[s]




Galois Connections

Compositional framework for proving correctness
We build two sets of GCs alongside transformers
Code: Enables execution of monadic analyzers
Proofs: Large number of proofs built automatically

(See the paper)



Proof Framework



Proof Framework

step : exp - M(exp)



Proof Framework

step : exp - M(exp)

semantics : 2n - 2o



Proof Framework

step : exp - M(exp) > step? : exp - M#(exp)

v

semantics : 2n - 2o



Proof Framework

step : exp - M(exp) > step? : exp - M#(exp)

v v

semantics : Xn - Xnm analysis : Sn# - X,



Proof Framework

step : exp - M(exp) > step? : exp - M#(exp)

v v

semantics : Zn - Xn \\\\\\\\?nalysis : Taf o Int

spec : Xnf o Inf



Proof Framework

step : exp - M(exp) > step? : exp - M#(exp)

v v

semantics : Xn - Xnm analysis : Sn# - X,
\\\\\\\A L]

spec : Xnf o Inf



Galois Transformers

StateT[env*] FlowT[env#] NondetT

e (3Ts = Monad Transformers + Galois connections

* (Galois connections are necessary for execution
and central to proof framework



Putting it All Together

You design a monadic abstract interpreter
Instantiate with monad transformers

Change underlying monad to change results

—xecution engine and proofs for free



Implementation

« Haskell package: cabal install maam

* (Galois Transformers are implemented as a
semantics independent library

 Haskell's support for monadic programming was
helpful, but not necessary



|_et's Design an Analysis

Program Analysis Property Abstract Values
O: int x y; // global state
1: void safe fun(int N) {
20 1if (N20) {x := 0;}
3: else {x :=1;} X/@ Z E 101+}
A0 1T (N#20) {y := 100/N;}
5: else {y := 100/x;}}
T — ————— —— ————————— T — ————————
Implement Get Results Prove Correct
4. Ne{-,+} }
analyze : exp - ults 4: Ne{0},
analyze(x : =
iy . NE{-,+}, yE{ 0, +} [e] € yze(e) ]
analyze( e1}r{ez2}) := Ne{O}, ye{O,
. €2 .. .
SAFE

69



|_et's Design an Analysis

Program Analysis Property Abstract Values

safe}m.js X/ 0

T — . T — ————

Implement Get Results Prove Correct
NE{-,+},xE{0}
analyze : exp - sults NE{O}, xe{+}
analyze(x := & /(é
Lo X @ NE{-,+}, yE{-,0,+} [e] € Ians cyze(e)]
analyze(X. « {ei}{ez}) := NE{O}, ye{O,+} 5
Y €1 .. €2 ..

SAFE

S — T — T — ———




Galois Transformers

Monad Galois (Galois
Transtormers , == < Connections » = <_Transformers

Compositional
abstract
Interpreters

Compositional Compositional
Interpreters abstractions



|_et's Verity an Analysis



|_et's Verity an Analysis

(NOT in the paradigm of abstract interpretation)



Specification



Specification

succ : N - N



Specification

succ : N - N

“succ(n) flips the parity of n”



Specification

succ : N - N
“succ(n) flips the parity of n”
P=E | O

parity : N - P
flip : P> P



Specification

succ : N - N

“succ(n) flips the parity of n”

P=E | O
parity : N - P
flip : P> P

7(n:N), parity(succ(n)) = flip(parity(n))



Verification



Verification

flip : P » PP
flip(E) = 0
flip(0) = E



Verification

flip : P - P
flip(E) = 0

flip(0) = E

parity : N - P

parity(0) = E

parity(succ(n)) = flip(parity(n))



Verification

flip : P - P
flip(E) = 0

flip(0) = E

parity : N - P

parity(0) = E

parity(succ(n)) = flip(parity(n))

7(n:N), parity(succ(n)) = flip(parity(n))



Verification

flip : P » PP
flip(E) = 0
flip(0) = E

parity : N - P

parity(0) = E

parity(succ(n)) = flip(parity(n))

7(n:N), parity(succ(n)) = flip(parity(n))

Proof is trivial by definition. §



|_et's Verity an Analysis



|_et's Verity an Analysis

(in the paradigm of abstract interpretation)



ADbstract Interpretation



ADbstract Interpretation

1. Establish a connection between sets N and [P



ADbstract Interpretation

1. Establish a connection between sets N and [P

2. Induce a specification for succ



ADbstract Interpretation

1. Establish a connection between sets N and P
2. Induce a specification for succ

3. Connect the specification of succ to flip



Connecting Sets



Connecting Sets

parity : N - P
parity(0) = E
parity(succ(n)) = flip(parity(n))



Connecting Sets

parity : N - P
parity(0) = E
parity(succ(n)) = flip(parity(n))

[+ P - p(N)
{n | n 1s even}
{n | n 1s odd}

om|l



Connecting Sets

parity : N - P
parity(0) = E
parity(succ(n)) = flip(parity(n))

| P - p(N)
{n | n 1s even}
{n | n 1s odd}

[E]
[0]

a @ p(N) - o(P)
a(N) = {parity(n) | n € N}



Connecting Sets

parity : N - P
parity(0) = E
parity(succ(n)) = flip(parity(n))

| P - p(N)
{n | n 1s even}
{n | n 1s odd}

[E]
[0]

a @ p(N) - o(P)
a(N) = {parity(n) | n € N}

Y : o(P) - o(N)
Y(P) = {n | p €P An € [p]}



Connecting Sets

)
)) € P



Connecting Sets

sound : V(N:o(N)), N <€ y(a(N))
tight : V(P:p(P)), a(y(P)) <€ P
,2}))



1l

Connecting Sets

)
)) € P

Y({E}))
o

({n | n 1s even})

1E} & {E}



Connecting Sets

sound : Y(N:p(N)), N <€ y(a(N))
tight V(P:p(P)), a(y(P)) c P
y(a({1,2}))

= Y({E,0})

= {n | n € N} 2 {1,2}
oa(y({E}))

= o({n | n 1Is even})

= {E} < {E}

[alternatively: a(N) € P iff N € y(P)]



Al Specification (sound)



Al Specification (sound)

rtsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}



Al Specification (sound)

rtsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

tflip : p(P) - p(P)
rflip(P) = {flip(p) | p € P}



Al Specification (sound)

rtsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

tflip : p(P) - p(P)
rflip(P) = {flip(p) | p € P}

sound :
V(P:o(P)), a(rsucc(y(P))) € +flip(P)



Al Specification (sound)

tsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

1flip : p(P) - p(P)
tflip(P) = {flip(p) | p € P}

sound :
V(P:o(P)), a(rsucc(y(P))) € +flip(P)

specification



Al Verification (sound)



Al Verification (sound)

V(P:o(P)), a(rsucc(y(P))) < +flip(P)



Al Verification (sound)

V(P:o(P)), a(rsucc(y(P))) < +flip(P)

Proof by case analysis on P:

Case [P = {E}]:
a(rsucc(y({E})))

a(rsucc({n n 1s even}))

o({succ(n) n 1s even})

a({n | n 1s odd})

{0}

tflip({E})




Al Veritication (complete)

V(P:ip(P)), a(rsucc(y(P)))(=)tflip(P)

Proof by case analysis on P:

Case [P = {E}]:
a(rsucc(y({E})))

a(rsucc({n n 1s even}))

o({succ(n) n 1s even})

a({n | n 1s odd})

{0}

tflip({E})




Issues with Abstract
INnterpretation
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Unwanted Complexity

7V(n:N), parity(succ(n)) = flip(parity(n))
VS

V(P:pp(P)), a(rsucc(y(P))) € +flip(P)

Are these equivalent?
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Vliechanization Issues

"0 IS non-constructive’



Vliechanization Issues

Problem Verified abstract interpreter



Vliechanization Issues

Problem Verified abstract interpreter

Solution Proof assistants and constructive logic



Vliechanization Issues

Problem Representing {n | n 1s even}



Vliechanization Issues

Problem Representing {n | n 1s even}

Solution @ (N) = N - prop



Vliechanization Issues

Problem Computable representation for o (P)



Vliechanization Issues

Problem Computable representation for o (P)

0

Solution p(P) = P+ = {E,0,L,T}



Vliechanization Issues

Problem a cannot be represented:
a : e(N) - P+



Vliechanization Issues

Problem a cannot be represented:
a : e(N) - P

Solution Only use v:
y : P* > o(N)



Constructive Galois
Connections
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Constructive GCs

A “Parallel Universe” of Galois connections
Simpler than classical GCs

Interact seamlessly with classical GCs
Support (constructive) mechanization

We've used them successtully in two case studies



Constructive GCs

parity : N - P
parity(n) = ..

[[_]] P - Q(N)
Ipl = ..



Constructive GCs

parity : N - P a : e(N) - (P)
parity(n) = .. a(N) = {parity(n) | n € N}
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Constructive GCs

n : N - [P a : e(N) - p(P)
nin) = .. a(N) = {n(n) | n € N}

[ 1 : P - p(N) v @ o(P) - o(N)
[pll = . Y(P) = {n | p €EP AnE€E [pl}



Constructive GCs
Constructive ’ Classical

N NP Lo p(N) - p(P)
n(n) = .. | oa(N) = {n(n) ‘ n € N}

[T :P - pN) | y: o) » p(N)
[p] = .. - Y(P) ={n | p € P An € [pl}
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Constructive GCs

N 0

Lift

[_] Y

laws... laws...



Constructive GCs

N 0

Lift

[_] Y

Lower

laws... laws...



Constructive GCs

Lift

F sound(flip) F sound(tflip)

Lower



Constructive GCs

Lift

= succ -~ flip = tsucc ~ tflip

Lower



INtuItions

Constructive GCs Classical GCs

n : N- P a : p(N) - p(P)

[ 1 : P - o(N) Yy @ o(P) - @(N)



INtuItions

Constructive GCs Classical GCs

functorial map

n : N- P —lp 0 o (N) - ()

[ 1 : P - o(N) Yy @ o(P) - @(N)



INtuItions

Constructive GCs Classical GCs

functorial map

n : N- P —lp 0 o (N) - ()
[ : P - op(N) ) y : p(P) - o(N)

monadic bind



Constructive GCs

'‘Galois connections in the powerset monad'



N



sound:
tight:

sound:
tight:

Classical

N



<

sound:
tight:

sound:
tight:

NN

Classical

2 B
x4
Kleisli

a : A » p(B)
Y : B » p(A)
sound: return® £y ¢ «
tight: a ¢ y E return®
sound: V(x : A), {x} C
tight: V(z : B), a*(y(z

| —




Classical Kleisli
«: A B «: A~ p(B)
Yy : B~ A Y : B » p(A)
sound: 1dA E y o « sound: return® £y ¢ «
tight: a o y E 1d® tight: a ¢ y € return®
sound: V(x : A), X E y(a(x)) sound: Y(x : A), {x} c y*(a(x))
tight: V(z : B), a(y(z)) E z tight: V(z : B), a*(y(z)) < {z}

| e——

For Classical, A is typically instantiated to g (A)



Classical Kleisli
a : o(A) ~ B a : A » p(B)
Y : B » p(A) Y : B » p(A)
sound: 1d”* € y o « sound: return® £y ¢ «
tight: a o y £ 1id® tight: a ¢ y E return®
sound: V(X : o(A)), X <€ y(a(X)) sound: V(x : A), {x} C
tight: V(z : B), a(y(z)) E z tight: V(z : B), a*(y(z

For Classical, A is typically instantiated to g (A)

*((
) S

))
1z}



N
U0

Kleisli

a : A » p(B)
Y : B » p(A)

sound:
tight:

sound: V(x :
tight: V(z :

| —

return® C
oa & Yy C

returnB®




A 2B

Kleisli
o0 has no monadic effect”

a : A » p(B)

Y : B » p(A)

sound: return® £y ¢ «
tight: a ¢ y E return®

sound: V(x : A), {x} C
tight: V(z : B), a*(y(z

| e——

*(())
) € {z}




"o has no monadic effect”

3(n

0

A

A » B),

AX.{n(x)}

2 B

Kleisli

a : A » p(B)
Y : B » p(A)

sound: return? C
tight: a ¢ y E

sound: V(x :
tight: V(z :

| —

returnB®




A 2B

Kleisli
“a has no monadic effect”
a : A » p(B)
Y : B » p(A)
H(H . A A B) sound: return® £y ¢ «
' ! tight: a ¢ y C return®
= AX-{H(X)} sound: V(x : A), {x} C y*(a(x))
tight: Y(z : B), oa*(y(z)) < {z}

| —

sound: V(x : A), d(z : B), z € a(x) N X € y(2z)



A 2B

Kleisli Constructive
a : A » p(B) n : A~»B
Y : B » p(A) Y : B » p(A)
sound: return® Cy ¢ « sound: return® Cy ¢ «
tight: a ¢ y E return® tight: a ¢ y E return®

sound: V(x : A), {x} ¢
tight: V(z : B), a*(y(z

*(a(x)) sound: V(x : A), {x} C
) € {z} tight: V(z : B), a*(y(z

*(a(x) )
) € {z}

For Constructive GC, a = Ax.{n(x)}



A 2B

Constructive
n : A»B
Y : B » p(A)

sound: return® £y ¢ «
tight: a ¢ y E return®

sound: V(x : A), {x} C
tight: V(z : B), a*(y(z

| e——

*(())
) € {z}

For Constructive GC, a = Ax.{n(x)}



A 2B

Constructive
sound: .
X € y(n(x)) 32222(A)

sound: return® Cy ¢ «
tight: a ¢ y E return®

sound: V(x : A), {x} C
tight: V(z : B), a*(y(z

*(())
) € {z}

For Constructive GC, a = Ax.{n(x)}



A 2B

Constructive
sound: .
X € y(n(x)) 32222(A)

sound: return® Cy ¢ «
'tj_ght; tight: o« © y E return®

Y(z) = n(x) sound: V(x : A) {X} .
*(y

tight: V(z : B), o*(y(z

*(())
) € {z}

For Constructive GC, a = Ax.{n(x)}
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Using CGCs

Definey : B » o(A) just as before

Definen : A » Binsteadofa : @(A) » B
Lift proofs of soundness for free (through isomorphisms)
Interact with classical GCs (through isomorphisms)

Supports synthesis of correct-by-construction static
analyzers via calculational abstract interpretation

n and y are constructive, and amenable to mechanization
and verified program extraction
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Using CGCs

7(n:N), parity(succ(n)) = flip(parity(n))

- T‘iso

V(P:o(P)), a(rsucc(y(P))) € +flip(P)

Are these equivalent”? Yes!



Using CGCs

7(n:N), parity(succ(n)) = flip(parity(n))
Ve ‘T}vso
V(P:o(P)), a(rsucc(y(P))) € +flip(P)

Are these equivalent”? Yes!
Also simpler and mechanizable



Two Case Studies

(1) A synthesized abstract interpreter for an
imperative programming language

(2) A gradual type system built on abstract
INnterpretation

Mechanized in Agda; would not have been
possible using classical GCs in both cases

Simpler proofs and calculations in both cases



My loolbox



AAM



AAM

“The hard part of static analysis is
defining the right concrete interpreter”
-Me [wisdom of MM+DVH]



A(AAM)



A(AAM)

“Want a language with feature X7
Write an interpreter in a meta-language with X.”
-Me [wisdom of MM+DVH+MH+WEB]



Prooft Assistants



Prooft Assistants

“‘Mechanize tiny and huge formalisms.
LaleX anything in-between.”
-Me
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