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The Dream

Synthesized specification

Abstract
Interpreters

Correct by construction

Certified Implementation



The Calculational Design of
a Generic Abstract Interpreter

Patrick COUSOT
LIENS, Département de Mathématiques et Informatique

Ecole Normale Supérieure, 45 rue d’Ulm, 75230 Paris cedex 05, France

Abstract. We present in extenso the calculation-based development of a generic com-
positional reachability static analyzer for a simple imperative programming language
by abstract interpretation of its formal rule-based/structured small-step operational
semantics.
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The emp

nasis in these notes 'has been the

COorrecC

ness of the design by calculus.

The mechanized verification |of this technigue
can be foreseen with automatic extraction of a
correct program from its correctness proof.

—Patrick Cousot
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Qur| framework [loses| an important property of
the standard framework: the ability to derive a
correct approximation from |its specification|.
... It seems interesting to find a framework for
deriving approximations|, while remaining
easlily formalizable in Coq.

—David Pichardie
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if (b) {x = 10} else {x = 20}

o () L x [

X € {10,20} — .
N , % x € (10,20)
x € {10,..,20}

Undecidable Decidable
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calculate. cousot

a(eval[n]) (p#)

[ defn of a §

= of (eval[n] (yR(p#)))
[ defn of eval[n] §
=a'({1 | pFnw1})
[ defn of F » §

= at({1i})

[ defn of eval#4[n] §
= eval#[n](p#)

A — S
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calculate. cousot

calculate. agda

a(eval[n]) (p#)

[ defn of a § [ af 2% » 2T ] - evall Num n | - p# |

= a’(evalln] (yR(p#))) [ (af * - (evall Num n ] * - (y® - p#)) |
[ defn of eval[n] § [focus-right [-] of a! * ]

{
E

v

v

v

ol ({i | pF nw i}) [ defn[eval[ Num n ]] §
defn of + » § [ o * - (return - n) |

v

ol ({1}) » | right-unit[*] §
defn of eval#[n] § > [ pure - eval#[ Num n | - p# |
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Four Stories

Direct Veritication x calculate

Abstract Interpretation x mechanize

calculate
mechanilze

N

Kleisli GCs

Nl

v calculate

Constructive GCs L rechani oe
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Direct Verification

succ : N - N

flip : P - P
flip(E) 0
flip(0) E

[E]

[0]

[ ]

1E,0}




Direct Verification

succ : N - N P = {E,OQO}

flip : P - P [ T : P > o(N)
flip(E) = 0 [E] = { n even(n) 7}
flip(0) = E [0] = { n odd(n) }
sound : n € [[p] = succ(n) € [flip(p)]




Direct Verification

v flip can be extracted and executed

v' [ [ can be mechanized effectively

X Is Tlip optimal?

X How to derive fl1ip from succ?



Four Stories

Direct Veritication x calculate
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ADbstract Interpretation
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ADbstract Interpretation
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ADbstract Interpretation




ADbstract Interpretation

N € o(N)
P € p(P)

'P Is sound for N

oa(N) € P



ADbstract Interpretation

TP is sound for fN*

aofNoy E f°F



ADbstract Interpretation

o (P)

a : p(N) -
= {parlty( n) | n €N}

o (N)
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ADbstract Interpretation

a : p(N) - o(P)
a(N) = {parity(n) | n € N}

o = map(parity)

Y @ o(P) - o(N)
Y(P) = {n | p&€PAneE€[pl}

y = extend([ ])
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ADbstract Interpretation

a : e(N) - (P Sugc:Nal\l
v : o(P) - o(N) flip : P - P

tsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

tflip : p(P) - p(P)
rflip(P) = {flip(p) | p € P}



ADbstract Interpretation

a : e(N) - (P Sugc:Nal\l
v : o(P) - o(N) flip : P - P

tsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

tflip : p(P) - p(P)
rflip(P) = {flip(p) | p € P}

sound : oa(rsucc(y(P))) € rflip(P)




ADbstract Interpretation

a : e(N) - (P Succ : N - N
v : o(P) - o(N) flip : P - P

tsucc : p(N) - o(N)
tsucc(N) = {succ(n) | n € N}

tflip : p(P) - p(P)
rflip(P) = {flip(p) | p € P}

tflip(P)
tTlip(P)

sound : a(rsucc(y(P)))
optimal : a(rtsucc(y(P)))

1| 1N




ADbstract Interpretation

optimal : a(tsucc(y(P))) = +flip(P)




ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)




ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)
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ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)

a(rsucc(y({E})))
= a(rsucc({n | even(n)}))



ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)

a(rsucc(y({E})))
= a(rsucc({n | even(n)}))
. }

)

a({succ(n) | even(n)



ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)

a(rsucc(y
= o(rtsucc



ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)

(tsucc(y(
o(rsucc(
({succ(
a({n | o
{0}

Hn 1 1 K



ADbstract Interpretation

calc : a(rsucc(y(P))) = .. = +flip(P)

a(rtsucc(y({E})))

= a(rsucc({n | even(n)}))
= ({succ(n) | even(n)})
= o({n | odd(n)})

- {0}

tflip({E})



ADbstract Interpretation

p(lP) » w e p(P)

calc : a(rsucc(y(P))) = .. = 1flip(P)




ADbstract Interpretation

p(P) » . pP)
calc : a(rsucc(y(P))) = .. = 1flip(P)
@(P) = (P - prop) = “specification”

o(P) = {P} ~ “constructed”



ADbstract Interpretation

v Optimal specifications

v Calculational framework

X Requires axioms

X Detinitions don't compute



Four Stories

Abstract Interpretation x mechanize
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Kleisli GCs

Z

(P) rsucc : N - @(N)

(N) 1flip : P - o(P)



Kleisli GCs

a : N - [P - prop tsucc : N - N - prop
Y : P> N> prop tflip : P - P - prop

@(X) = X - prop

42
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Kleisli GCs

Z

(P) rsucc : N - @(N)

(N) 1flip : P - o(P)
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Q

> N - p(P) tsucc : N - pof
P > o(N) +flip @ P - o(P)

Kleisli GCs

Z

id(N) € v(P) < o(N) < id(P)

45




Q

Kleisli GCs
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Kleisli GCs

a : N - o(P) tsucc : N - @©(N)
Yy : P - o(N) tflip : P - p(P)
ret C ya A o @&y L ret

ret(n) € y(p) < a(n)

C ret(p)

sound

; o o tsucc o y C tflip
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Kleisli GCs

a : N - o(P) tsucc : N - @©(N)
Yy : P - o(N) tflip : P - p(P)
ret C ya A o @&y L ret

ret(n) € y(p) < a(n)

C ret(p)

sound

. o0 ® tsucc ® y C tflip
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Kleisli GCs

v Optimal specifications

v Calculational framework

v No axioms

X Detinitions don't compute



Four Stories

o v calculate
Kleisli GCs L mechanize
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Constructive GCs

. constructive

51



Constructive GCs




Constructive GCs

QL
Z
X

ﬁ




Constructive GCs

parity : N - P
[ ] P - o(N)




Constructive GCs

parity : N - P
[ ] P - o(N)

n € [parity(n) |




Constructive GCs

parity : N - P
[ ] P - o(N)

n € [parity(n)] A n € [pl = parity(n) C p
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Constructive GCs

parity : N - P
[ 1 : P - p(N)

n € [parity(n)] A n € [p] = parity(n) E p

n € [p] & parity(n) C p
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Constructive GCs

parity : N - P
[ 1 : P - p(N)

n € [parity(n)] A n € [p] = parity(n) E p

n € [p] & parity(n) E p

sound :

n € [p] = parity(succ(n)) £ flip(p)

58




Constructive GCs

v Optimal specifications

v Calculational framework

v No Axioms

v Definitions that compute
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And More

Metatheory complete w.r.t. subset of classical GC
Adjunction analogous to classical GCs

Case Study: Calculational Al

Case Study: AGT

Sound, optimal and computable Als by construction

Metatheory and case studies all veritied in Agda



Constructive GCs

a : N - [P
Yy : P - p(N)

n € y(p) © a(n) E p

v calculate
v/ mechanize

61



